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QUANTUM GROUP-TWISTED TENSOR PRODUCTS OF 

C*-ALGEBRAS II 

RALF MEYER, SUTANU ROY, AND STANISLAW LECH WORONOWICZ 


Abstract. For a quasitriangular C*-quantum group, we enrich the twisted 
tensor product constructed in the first part of this series to a monoidal struc¬ 
ture on the category of its continuous coactions on C*-algebras. We define 
braided C*-quantum groups, where the comultiplication takes values in a 
twisted tensor product. We show that compact braided C*-quantum groups 
yield compact quantum groups by a semidirect product construction. 


1. Introduction 

Let C and D be C*-algebras with a coaction of a C*-quantum group G = 
(A, A a)- As in [T 2 ], C*-quantum groups are generated by manageable multiplica¬ 
tive unitaries, and Haar weights are not assumed. If G is a group, then the 
C*-tensor product C D inherits a diagonal coaction. This fails for quantum 
groups because the diagonal coaction is not compatible with the multiplication 
in the tensor product. We use the noncommutative tensor products described 
in m to construct a monoidal structure on the category of G-C*-algebras if G is 
quasitriangular in a suitable sense. 

Such a structure is to be expected from the analogous situation for (co)module 
algebras over a Hopf algebra. In that context, an R-matrix for the dual Hopf alge¬ 
bra allows to deform the multiplication on the tensor product of two iT-comodule 
algebras so as to get an fZ-comodule algebra again. For C*-quantum groups, Hopf 
module structures are replaced by comodule structures. Hence we call G quasi¬ 
triangular if there is a unitary R-matrix R £ U(A ® A) for the dual C*-quantum 
group. 

Since R is a bicharacter, the braided tensor product CBD:= (C, 7) KIr ( D , 5 ) 
in m is defined if (C, 7) and (D, 6 ) are C*-algebras with continuous coactions 
of G. We show that C M D carries a unique continuous coaction 7 tx S of G for 
which the canonical embeddings of C and D are G-equivariant. (We do not denote 
this coaction by 7 EH S because IKI is a bifunctor, and the *-homomorphism 7 S 
given by this bifunctoriality is not 7 x ( 5 .) 
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It is crucial for the theory here and in m that R is unitary. This rules out some 
important examples of quasitriangular Hopf algebras. For instance, R-matrices for 
quantum deformations of compact simple Lie groups are non-unitary. 

If (E, e) is another C*-algebra with a continuous coaction of G, then there is a 
canonical isomorphism (C IE D) E3 E = C IS] {D IE E). If C or D carries a trivial 
G-coaction, then CE3Z3 = C<S>D, and 7 1 x 1 <5 is the obvious induced action, 7 <g>id£> 
or idc <E> S. Thus our tensor product on G-coactions is monoidal: the tensor unit 
is C with trivial coaction. The tensor product of coactions is braided monoidal if 
and only if it is symmetric monoidal, if and only if the R-matrix is antisymmetric. 
This rarely happens, and it should not be expected because this also usually fails 
on the Hopf algebra level. What should be braided is the category of Hilbert space 
corepresentations. This is indeed the case, and we use it to prove that the tensor 
product for coactions is associative and monoidal. 

An R-matrix R lifts uniquely to a universal R-matrix R g U(A U ® 

A u ) for the universal quantum group A u , so it makes no difference whether we 
consider R-matrices for A or A u . Since Hilbert space corepresentations of A are 
equivalent to Hilbert space representations of A u , an R-matrix for A u induces a 
braiding on the monoidal category of Hilbert space corepresentations of G. 

If G is the quantum group of functions on an Abelian locally compact group T, 
then its R-matrices are simply bicharacters F x T —>• U(l). For instance, if F 
is Z/2, there are two such bicharacters. One gives the ordinary commutative 
tensor product with the diagonal coaction, the other gives the skew-commutative 
tensor product with diagonal Z/2-coaction. 

A well-known class of quasitriangular Hopf algebras are Drinfeld doubles; their 
module algebras are the same as Yetter- Drinfeld algebras. The dual of the Drinfeld 
double 23(G) of G is the Drinfeld codouble 23 (G)~, which we just call quantum 
codouble. (What we call quantum codouble is called quantum double in [13].) 

For our class of C*-quantum groups, quantum codoubles and doubles and corre¬ 
sponding multiplicative unitaries are described in m It is already shown in m 
that quantum codoubles are quasitriangular and that 23(G)~-C*-algebras are the 
same as G-Yetter- Drinfeld C*-algebras. In this article, we identify the twisted ten¬ 
sor product for the canonical R-matrix of 23 (G)^ with the twisted tensor product 
in the category of G-Yetter-Drinfeld C*-algebras constructed in m- 

A braided C *-bialgebra is a G-C*-algebra ( B,/3 ) with a comultiplication 

A^j: B —y B B 

that is coassociative. We call (R,/3, As) a braided compact quantum group if B is 
unital and A^ satisfies an appropriate Podles condition. 

We are particularly interested in braided quantum groups over a codouble 23 (G)^ 
because they appear in a quantum group version of semidirect products. In the 
group case, the construction of a semidirect product G x H requires a conjugation 
action of G on H such that the multiplication map H x H —> H is G-equi variant. 
For quantum group semidirect products, the equivariance of the multiplication 
map on the underlying C*-algebra B of El only makes sense if we deform the ten¬ 
sor product because there is no canonical G-coaction on B <g> B. A theorem of 
Radford [T5|, Theorem 3] for the analogous situation in the world of Hopf algebras 
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suggests that H should be a braided quantum group over the codouble 35(G)~ 
of G. In this case, we describe an induced C*-bialgebra structure on AM B. This 
is a C*-algebraic analogue of what Majid calls “bosonisation” in m- We prefer to 
call the construction oi AM B a “semidirect product.” If A is a compact quantum 
group and B is a braided compact quantum group, then their semidirect product 
A El B is a compact quantum group. 

As a first example, we construct a C*-algebraic analogue of the partial duals 
studied in [3]. We have constructed braided quantum SU(2) groups with complex 
deformation parameter q together with Pawel Kasprzak in [5]; their semidirect 
products are the deformation quantisations of the unitary group U(2) defined 
in [221 . 

The construction of the C*-bialgebra AM B works in great generality. For this 
to be a C*-quantum group, we would need a multiplicative unitary for it. Then it 
is best to work on the level of multiplicative unitaries throughout. That is done 
in m- On that level, one can also go back and decompose a semidirect product 
into the two factors. Here we limit our attention to the compact case, where 
bisimplifiability is enough to get a quantum group. 

We briefly summarise the following sections. In Section [21 we define R-matrices 
and show that they lift to the universal quantum group. In Section [31 we describe 
the braided monoidal structure on the category of Hilbert space corepresentations 
for a quasitriangular C*-quantum group. As an example, we consider the case of 
Abelian groups. In Section 0] we construct the “diagonal” action of a quasitriangu¬ 
lar quantum group on tensor products twisted by the R-matrix and show that it 
gives a monoidal structure on G-C*-algebras. Section[5]studies the case of quantum 
codoubles, where coactions on C*-algebras are equivalent to Yetter-Drinfeld alge¬ 
bra structures. Section [3] contains the semidirect product construction for braided 
C*-bialgebras. The appendix recalls basic results about C*-quantum groups and 
some results of our previous articles for the convenience of the reader. There are 
also some new observations about Heisenberg pairs in Appendix IA.71 which would 
fit better into m but were left out there. 

2. R-matrices 

Let G = (A, Aa) be a C*-quantum group and let W £ U(A®A) be its reduced 
bicharacter; see Appendix I A. II and Definition IA. 171 

Definition 2.1. A bicharacter R £ U(A ® A) is called an R-matrix if 

(2.2) R(er o Ayt(a))R* = A^a) for all a £ A. 

Lemma 2.3. The dual R := <r(R*) £U(A® A) of a bicharacter R £ U{A A) is 
an R-matrix if and only if R is an R-matrix. □ 

Remark 2.4. The standard convention for Hopf algebras assumes R(A, 4 (a))R* = 
cro A J 4 (a), which is opposite to (12.21) . Our convention in l2.2l becomes the standard 
one (see [HI Definition 2.1.1]) if we replace A^ by A“ p := a o A^ or R by R*. 

In order to simplify proofs later, we lift an R-matrix R £ U(AmA) to U(A n (&A u )-. 






4 


RALF MEYER, SUTANU ROY, AND STANISLAW LECH WORONOWICZ 


Proposition 2.5. There is a unique R u £ U{A' 1 Cg> A u ) with 

(2.6) (A ® A)R U = R inU{A®A), 

(2.7) (Aa« ® id A u)R u = R 23 Ri 3 inU{A u ® A u ® A u ), 

(2.8) (id A u ® A A u)R u = R“ 2 R" 3 «W( j 4 u «A u 0 4"). 

This unitary also satisfies 

(2.9) R u (ffoA^(fl))(RT = A^(a) for all a £ A u . 

Proof. [HJ Proposition 4.7] gives a unique R u £ U(A U ® A u ) satisfying (12.61) (12.81) . 
The nontrivial part is to show that R u satisfies (12.91) . Let V &U{A® A u ) be the 
universal bicharacter as in Anoendix IA.4I Theorem 25 and ProDOsition 31 in m 
show that 

(2.10) A u = {(w ® id A u)V | w £ A'} CLS and (id^ <g> A A u)V = V 12 V 13 . 
Therefore, m is equivalent to: 

(2.11) R2 3 Vi 3 V 12 (R^)* = V 12 V 13 in U{A ® ® A u ). 

The unitary R := (A ® id A u)R u £ A i(A ® A u ) is also a bicharacter. Let A := 
Wt 2 R 23 V 13 W 12 &U(A® A® A u ). The following computation shows that A is a 
corepresentation of (A u , A A u) on A® A: 

(id A ® id A ® A A u)(W 12 R 23 V 13 W 12 ) = W 12 R 23 R 2 4V^ 3 V^4W 12 

= (W* 2 R 23 V 13 W 12 )(Wt 2 R 24 V 14 W 12 ) = A 123 A 124 . 

The first step uses (ED and (12.101) . the second step uses that R 24 and V 13 com¬ 
mute, and the last step is trivial. A similar routine computation shows that 
Y := V 13 R 23 eU(A® A® A u ) satisfies (id^ ® id A ® A A u)F = Fi 23 Yi 24 . 

The argument that shows that (ED is equivalent to (12.111) also shows that the 
R-matrix condition (12.21) is equivalent to 

(2.12) R2 3 W 13 W 12 = W 12 W 13 R 23 in U(A ® A ® A). 

Thus (id^ ® id A (g> A) A = (id^ ® id A ® A)F. Now we use Lemma [TTJ Lemma 4.6], 
which is a variation on [JJ Result 6.1]. It gives A = Y or, equivalently, 

(2.13) V( 3 W( 2 R 23 V 13 = R 23 Wt 2 in U{A ® A® A u ). 

Similarly, A := V* 3 (R 23 )*V 12 V 13 and Y := V 12 (R 23 )* in U(A ® A n ® A u ) satisfy 
(id^ ® A ® id A u)A = (id^ ® A® id A u)F by (12.131) . and 

(id^ ® A A u ® id A u)(A) = A 32 4A 33 4, (id^ ® A A u ® id A u)(F) = l'i 24 Fi 3 4 

because of (12.71) and (12.101) . Another application of [TT] Lemma 4.6] gives A = Y, 
which is equivalent to (12.111) . □ 

da Proposition 31.2] shows that (A u ,A A u) has a bounded counit: there is a 
unique morphism e: A u —> C with 

(2.14) (e ® id A u)A A u = (id A u ® e)A A u = id A u. 
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Lemma 2.15. The unitary R u £ U(A U ® A u ) in Proposition 12.51 satisfies 

(2.16) (e <g> icUu)R u = (id A u ® e)R u = 1a* in U(A U ), 

(2.17) Ri 2 R? 3 R2 3 = R23R13R12 in U{A" ® A u ® A u ). 

Proof. Apply id A u ® e ® id A u on both sides of (12.711 and (12.81) and then use (12.141) . 
This gives 

R u = (U« ® (e ® id A u)R u )R u = (((id A » ® e)R u ) ® l A u)R u . 

Multiplying with (R u )* on the right gives (e ® id A u)R u = (id A u ® e)R u = 1a*. 
The following computation yields (12.171) : 

R12R13R23 = ((id® A u )R u )R 23 = R 2 3 ((idAu ® a o A U )R U ) = R^R^R^; 

here the first and third step use (EH) and the second step uses EHD - □ 


3. Corepresentation categories of quasitriangular quantum groups 

Deflnition 3.1. A quasitriangular C*-quantum group is a C*-quantum group 
G = (A, A a) with an R-matrix R £ U{A ® A). 

Let : TLi ® TL 2 —> % 2 ®'Hi denote the flip operator. As already pointed 

out in [H|, Eg 1>Wa) is G-equivariant for all corepresentations of G if and only if G 
is commutative. Hence does not give a braiding on Corep(G) in general. 

Let U Wi £ U{K (Hi) ® A) be corepresentations of G on TLi for i = 1,2. These 
correspond to representations of the universal quantum group A u by the universal 
property of A u . More precisely, there are unique (pi £ Mor(A u , K(fHi)) such that 
(ipi ® id A )V = U Wi for i = 1,2, see Appendix IA.4I here V A is the universal 
bicharacter in U(A n ® A). 

Define Wl X ^ 2 : Hi ® TL2 -> TL2 ® TLi by 

(3.2) x (W2 ’ Wl) := (/) 2 ®i/ 1 )(R u )* in U(H 2 ®Hi), 

(3.3) «i X % inM(Wi®W 2 ,W a ®Wi). 

Here R u £ U(A U ® A u ) is as in Proposition ESI 

Proposition 3.4. The unitaries Wl X^ 2 : TL\ ® TL2 —> P2 ® 'Hi are G-equivariant, 
that is, 

(3.5) Wl X* 2 12 (U Wl @U Wa ) = (U H2 ©U Hl ) Wl X« 2 12 in W(K(Hr ® W 2 ) ® A) 


/or all U Wl ,U W2 £ Corcp(G). ITie tensor product © is defined in (IA. 121) . 
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The unitaries X n2 define a braiding on £orcp(G), that is, the following hexagons 

commute for all U Ui G £orcp(G), i = 1 , 2 , 3 : 

'Hi\/H2®'H3 

Hi <8 > (H 2 ® H3)- * ( TL2 <S> H3) ® Hi 


( 3 - 6 ) (Hi®H 2 )®H 3 


TL2 ® (H3 ® Hi) 


' Hl X H2 <g> id-H 3 

(H 2 <8> Hi) ® H3 


id « 2 <S> ^X ^ 3 
H 2 <S> (Hi ® H3) 


(Hi ® H 2 ) ® H3-> H3 <S> (Hi ® H 2 ) 


( 3 - 7 ) Hi®(H 2 ®H 3 ) 


(H3 ® Hi) ® H 2 


id Wl <g> n ^x H3 

Hi ® (H3 ® H 2 ) 


' Hl X W3 ® id« 2 
(Hi <8> H3) 0 H 2 


Here t/ie unlabelled arrows are the standard associators of Hilbert spaces. 

Proof. We have (A A u ® id A )V A = in U(A n ® A u ® A) because V A is a 

character in the first leg. Therefore, the corepresentation U Wl ©U^ 2 corresponds 
to (</>i ® 0 2 ) o cr o A \ : A u —> B(Hi ® H 2 ) through the universal property (IA. 16 D 
of V: 

( 3 . 8 ) ((0i ®^ 2 )octoA^® id A )V = U Wl © U^ 2 . 

The following computation yields (E>D: 

Wl X^ 2 i 2 (U Wl ©U* 2 ) = (0 2 0 0i ® id A )((R)* 2 )*(A^ ©kUyP^ 1 ’^ 

= (((02 ® 0i) O er o K\) ® id A )V)X^ 2,Wl) S^ 1,H2) 

= (U w *©U Wl ) Wl X W2 i 2 . 

The first equality uses ( 13 . 81 ) and ( 13 . 31 ) . the second equality follows from ( 12 . 91 ) and 
( 13 . 21 ) . and the last equality uses ( 13 . 81 ) and ( 13 . 31 ) . 

Equations ( 13 . 31 ) and ( 13 . 81 ) imply 

(3 9) •_ y\'H 2 ®'Hz ,Hl) ^('Hl ,^ 20 ^ 3 ) 

= ((02 <S> 03 ® 0l)(cr oA^® id y | u )(R U )*^ O £(«i.«2<g«3)_ 
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Now we check the first braiding diagram (13.61) : 

4>i)(o- oA^® id 4u )(R u )*) ° E^ 1 ’'* 2 ®^ 
= ((^2®^3®^l)((R U );3(R U )t3)) 


v CHi,W3) v (Wi.H2) 
a 23 A 12 


— A 23 A 13 A 23 A 12 

~ A 23 A 23 a 12 A 12 — /X 23 X 12) 

here the first equality uses (12.71) . the second equality uses (13.21) . the third equality 
uses properties of the flip operator E, and the fourth equality follows from (13.31) . 
A similar computation for 'H-i®'H.2\/H3 yields the second braiding diagram (13.71) . 

□ 

Corollary 3.10. If C carries the tidvial corepresentation o/G, then 
c X n : C <g> H-A H <g> C and W X C : U ® C -A C <g> U 
are the canonical isomorphisms. For any three corepresentations of G, 

(3.11) Wl X' H2 2 3 ' Hl X W3 i2 W2 X' H3 23 = W 2 X W 3 i 2 ' Hl X W 3 2 3 ' Hl X' H 2 i 2 . 

Proof. These are general properties of braided monoidal categories, see [SJ Propo¬ 
sition 2.1]. They also follow from (12. Kill . (12.171) . and (13.21) . □ 

Remark 3.12. The dual R := <r(R*) of an R-matrix R £ U(A ® A) is again an 
R-matrix by Lemma 12.31 A routine computation shows that the resulting braiding 
on £orcp(G) is the dual braiding, given by the braiding unitaries 

«i X «2 = (% x «i y:Hi®H 2 ->H2®H 1 . 

3.1. Symmetric braidings. 

Definition 3.13. An R-matrix R £ U(A®A) is called antisymmetric if R* = <r(R) 
for the flip a: A (g) A —» A (g) A, a\ (g) 012 02 <8 a\. 

Lemma 3.14. If R is antisymmetric, then (R u )* = er(R u ) for the universal lift 
R u £ U(A U <8 A u ) constructed in Proposition 12.51 

Proof. Both cr(R u )* and R u are bicharacters that lift R. They must be equal 
because bicharacters lift uniquely by El Proposition 4.7]. □ 

Proposition 3.15. The braiding on Cotep(G) constructed from R £ U(A 0 A) is 
symmetric if and only if R is antisymmetric. 

Proof. Let Ti\ and 77 2 be Hilbert spaces with corepresentations of G. Let 0j : A u —» 
U) be the corresponding ^representations. Then 


TLi 0 R 2 


'Hw/H’z 


-A TL 2 0 Tti 


« 2 X «1 


> Tt\ 0 di‘2 


is equal to 

(0i ® 02)(R u )* o E (W2 ’ Wl > o (02 $ 0i)(R u )* o E*™ 1 ' 7 ^ = (0! 


.0 2 )(a(R u )R u )*. 


This is the identity operator for all representations 0* if and only if er(R u )R u = 

1 . □ 
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3.2, The Abelian case. Let B be a locally compact group. What is an R-matrix 
for the commutative quantum group (Co(G), A)? Since Co(G) ® Co(G) is commu¬ 
tative as well, (E2D simplifies to the condition tro A = A, which is equivalent to G 
being commutative. Hence there is no R-matrix unless G is Abelian, which we as¬ 
sume from now on. Then ( 12 . 21 ) holds for any unitary R e U{Gq(G) ® C 0 (G)), 
so an R-matrix for G is simply a bicharacter. Equivalently, R is a function 
P- G x G ->• U(l) satisfying p(xy, z ) = p(x, z)p(y, z) and p(x, yz) = p(x , y)p(x, z). 
Being antisymmetric means p(x,y)p(y,x) = 1 for all x,y € G. 

Any bicharacter p as above is of the form p(x,y ) = (p(x),y) for a group homo¬ 
morphism p: G —> G to the Pontrjagin dual G, with p(x, u ) = P- This is a spe¬ 
cial case of the interpretation of bicharacters as quantum group homomorphisms 
in HE]. 

The category of Hilbert space representations of G is equivalent to the cate¬ 
gory of corepresentations of (Co(G), A) and to the category of representations of 
C*(G) = C 0 (G). The tensor category of G-representations is already symmetric 
for the obvious braiding E, which corresponds to the R-matrix 1. What are the 
braiding operators for a nontrivial R-matrix? 

Let /J 3 H x dp(x) denote the Hilbert space of L 2 -sections of a measurable field 
of Hilbert spaces (' H x ) x£ q over G with respect to a measure p, equipped with 
the action of Co(G) by pointwise multiplication. Any representation of Co(G) is 
of this form, where p is unique up to measure equivalence and the field (' H x ) is 
unique up to isomorphism //-almost everywhere. Let 'Hi = /J 3 H\ x dpi(x) and 
H 2 = jl; H- 2 x dp 2 (x) be two Hilbert space representations of G. Then 

Hi®H 2 = / Hi x ® H 2y dpi(x) dp 2 (y) 

JGxG 

with C 0 (G)(g)Co(G) = Co(GxG) acting by pointwise multiplication. The braiding 
ma p S an T 2 -section x ,y)x, y of the field {H\ x ® H 2y )x, y to the section 
(y,x) p(y, of {H 2y ®Hi x )y, x . 

Example 3.16. Consider G = Z/2 = {±1} and let p(x,y) = xy G Z/2 C U(l); 
this bicharacter corresponds to the isomorphism G = G. It is both symmetric 
and antisymmetric. The spectral analysis above writes a Z/2-Hilbert space as a 
Z/2-graded Hilbert space, splitting it into even and odd elements with respect to 
the action of the generator of Z/2. The braiding unitary on £ <g> 77 is E if £ or 77 is 
even, and —E if both £ and 77 are odd. This is the usual Koszul sign rule. 


4. Coaction categories of quasitriangular quantum groups 

Let G = (A, Aa, R) be a quasitriangular quantum group. Let (G, 7 ) and (D, S) 
be G-C*-algebras. The twisted tensor product G Kr D = C 13 D is constructed 
in m It is a crossed product of G and D, that is, there are canonical morphisms 
be : G —> C IE D and bo '■ D —>• G IE1 D with 


lc{G) ■ id(D) = Gd(-D) • tc{C) = CMD\ 
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here a morphism is a nondegenerate *-homomorphism to the multiplier algebra 
and X ■ Y for two subspaces X and Y of a C*-algebra means the closed linear span 
of x ■ y for x G X, y € Y as in [ 12 - 

Theorem K29] recalls one of the two equivalent definitions of the twisted tensor 
product in m ■ Let (ip, XJ n ) and {ij),\J K ) be faithful covariant representations 
of (C, 7 ) and (D,S) on Hilbert spaces TL and 1C, respectively. Then C KIr, D is 
canonically isomorphic to 4>\{C) -^(-D) Cl (%®/C), where <j>\{c) = <j>{c) © Ik and 
i/> 2 (d) = X(lu © ip{d))X* for the unitary X that is characterised by (IA.27D . The 
same unitary appears in our construction of the braiding, so 

( 4 . 1 ) Md) = H x K {ip{d) © 

We are going to equip CMD with a natural G-coaction and show that this tensor- 
product gives a monoidal structure on the category of G-C*-algebras £*alg(G) (see 
Definition IA.131 . 

Proposition 4.2. There is a unique G-coaction 7 Mr 5 on C [x]r D such that 
the canonical representation on TL® 1C and the corepresentation © U*' form a 
covariant representation 0 /(CKIR.D, 7 ixir S). This coaction is also the unique one 
for which the morphisms ic '■ C —>• CKIrD and ic- D —> CKIrI? are G-equivariant. 

Proof. We identify C M D with its image in M{TL © IC). The covariance of this 
representation of C IEI D with X] H © U*" means that 

(7 Mr <y)(a:) = (U^eU^Or® UXU^SU^)* 

for all icCBfl. Hence there is at most one such coaction 7 Mr 5. 

The representation c ic{c) = 4>{c) © 1/c is covariant with respect to 
because it is covariant with respect to \J n © 1 by construction and ic(c) acts only 
on the first leg. Hence (7 Mr S)(ic(c)) = {ic © kU) 7 (c) for all c e C. Similarly, 
the representation d ha- ip(d) © 1 on K. © TL is covariant with respect to U K © U w . 
Since the unitary is G-equivariant by Proposition Id.41 the representation ip 2 
on TL ® /C is covariant with respect to U w © U*' as well (unlike the representation 
d i-a 1 ®if{d)). Hence (7 Mr 5){ic{d)) = {ic ® kU)<5(d) for all d £ D. As a result, 
7 Mr S maps C Kl D = ic{C) ■ ic{D) nondegenerately into the multiplier algebra 
of (C IEI D ) © A, and the morphisms ic and ic are G-equivariant. 

The morphism 7 Mr S: C IEI D — > {C IEI D) © A is faithful by construction. The 
Podles condition for C IEI D follows from those for C and D: 

(7 Mr 5){C IEI D) • (1 © A) = {i C © kU)( 7 (C)) • (ko © id A ){S{D)) ■ (1 © A) 

= {i C © kU)(7(C')) • {io{D) © A) = {i C © Ma)(7(C')) • (1 © A) • {ld{D) © A) 

= {ic{C) © A) ■ {i D {D) ® A) = C M D ® A. 

Thus 7 Mr S is a continuous G-coaction on C IEI D for which t c and ic are 
equivariant. Conversely, if ic and ic are G-equivariant, then 

(7 Mr 5){i C {c) ■ ic{d)) = {ic © fcU)( 7 (c)) • {iD © id A){S{d)) 

for c € C, d G D; this determines 7 Mr 5 because ic{C) ■ io{D) = C IEI D. □ 
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Proposition 4.3. The coaction 7 cxIr on CHrD is natural with respect to equivari- 
ant morphisms, that is, it gives a bifunctor Hr: C*alg(G) x C*a[g(G) —> C*atg(G). 
It is the only natural coaction for which C with the obvious isomorphisms CSC = C 
and CM D = D is a tensor unit. 

Proof. Two G-equivariant morphisms f '■ C\ —> C 2 and g: D\ —> D 2 induce a 
morphism f M g-. C\ M D\ —> C 2 M D 2 , which is determined uniquely by the 
conditions (fMg)o i Cl = lc 2 ° / and (/ H g) o t_Di = ld 2 0 g (see [T2] Lemma 5.5]). 
The coactions 71 tx R <5i and 72 sor S 2 satisfy ( 7 k cc R <5 fc ) o i Ck = ( i Ck © hU) ° 7 k 
and ( 7 k txiR 5 k ) ° iD k = (iD k © idA) 0 8 k for k = 1,2. Thus 

(72 cxr 82 ) o i C2 o f = (/ H g © id A ) o (71 ix R <5 i) o l Ci 

and similarly on D\. So f Mg is equivariant and Hr is a bifunctor as asserted. The 
obvious isomorphisms C IE C = C and CM D = D are G-equivariant and natural 
and satisfy the triangle axiom for a tensor unit in a monoidal category; so C with 
these isomorphisms is a unit for the tensor product Hr on £*alg(G). 

Conversely, assume that 7 □ 8 is a natural G-coaction on C M D for which C 
with the obvious isomorphisms C IE C = C and C El D = D is a tensor unit. That 
is, these two isomorphisms are G-equivariant. The unique morphisms l^: C —> C 
and 1d'-C—>D given by the unit multiplier are equivariant with respect to the 
trivial G-coaction on C. We have ic = idq HI Id and id = lc^idc- Hence ic 
and ld are equivariant for 7 □ <5. This forces 7 □ 8 = 7 ixr 8. □ 

Theorem 4.4. If Ci, 62,63 are objects of £* olg(G), then there is a unique iso¬ 
morphism of triple crossed products C\ HI (C2 H C 3 ) = (Ci H C 2 ) H C 3 , which is also 
G-equivariant. Thus £*a(g(G) with the tensor product Hr is a monoidal category. 

Proof. An isomorphism of triple crossed products is an isomorphism that inter¬ 
twines the embeddings of Ci, C 2 and C 3 . Since the images of these embeddings 
generate the crossed product, such an isomorphism is unique if it exists. 

Let (Ci, 7 i) be G-C*-algebras and let (ipi, U Wi ) be faithful covariant represen¬ 
tations of (Ci, 7 i), respectively, for i = 1,2,3. The construction of the G-coaction 
on Ci H Cj shows that (ipi H ipj , U Wi © \] Hj ) is a faithful covariant representation 
of Ci H Cj on Hi © Hj . Therefore, Theorem IA.29I gives a faithful representation 
ipi H ( ifi 2 H <p 3 ) of Ci H (C 2 H C 3 ) on Tfy © © Tfy, which is characterised by: 

tCi (ci) (->• ipi (ci) <S> 1 Hi © 1«3 ) 

ic 2 (c 2 ) ^ ( W 2 ® W 3 X Wl )(^(c 2 ) © 1«3 ® 1 n 1 )( H 2 ^ n 3 M' Hl )*, 

LcM ^ ( W 2 ® W 3 X Wl )( W 3 X W 2 12 )(^ 3 (c 3 ) © 1 Hi © l Wl )( W 3 X W 2 i 2 )*(« 2 ® W 3 X Hl )* 
for d S Ci, i = 1, 2, 3. The diagrams in Proposition 13.41 and Corollarv l3.1UI give 
'H'2®'hLs\/}~Li _ T-L2\/Hi^ . ^ 3 X^ 1 23 

• ^ s \^ 1 23 • ^ 3 X^ 2 i2 = ^ 3 X ^ 1< ^ > ^ 2 • ^ 2 X^ X 23 
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Hence the above characterisation of p\ ISI {ip 2 E <£ 3 ) simplifies to 
(<Ai E {tp 2 E p 3 )) o (-Ci(ci) = <S> 1, 

(4.5) (<pi E {ip 2 E ip 3 )) o ic 2 (c 2 ) = H2 X Hl 12 (^ 2 ( 02 ) ® l)(^ 2 x Wl i 2 )*, 

(<£1 E ((^2 E y> 3 )) o lc 3 {c 3 ) = ( H3 X Hl ® H:i )(ips(c 3 ) ® 1 )( W 3 X «i®-H 2 )X 

Similarly, we get a faithful representation (yq E <p 2 ) E p 3 of {C\ E C 2 ) E C 3 
on Hi®H 2 ®H 3 . A computation as above shows that the combinations of braiding 
unitaries in it are equal to those in (14.51) . Thus tpi E (ip 2 E ip 3 ) and {ip 1 E cp 2 ) E ip 3 
are the same representation on Hi ® H 2 < 8 > H 3 . This gives an isomorphism C± E 
(C 2 E C 3 ) = (Ci E C 2 ) E C 3 that intertwines the canonical embeddings of Ci, C 2 
and C 3 . It is G-equivariant because our G-coactions are uniquely determined by 
their actions on the tensor factors Ci, C 2 and C 3 . 

The natural isomorphisms above provide the associators needed for a monoidal 
category. The pentagon condition for these associators and the compatibility with 
the unit transformations C E D = D, CEC = C follow by checking the relevant 
commuting diagram on each tensor factor separately. □ 

Proposition 4.6. The monoidal structure Er is braided monoidal if and only if it 
is symmetric monoidal, if and only if R is antisymmetric. In that case, the braiding 
is the unique isomorphism of crossed products (C§rD, lc, id) — (-DErC, lc , to)- 

Proof. [T2, Proposition 5.1] shows that D Er C = C E^ D as crossed products, 
where R := <r(R*). If R is antisymmetric, this gives an isomorphism of crossed 
products between (CErC, lc, i-d) and (RErC, lc, id)- This isomorphism is equi- 
variant because our coactions are determined by what they do on the embedded 
copies of C and D. Thus we get a braided monoidal category in this case. 

Conversely, any braiding must give the identity map on C Er C and C Er D 
because C is the tensor unit. Since lc = idc E lc and ld = lc E idu, any 
braiding must be an isomorphism of crossed products C Er D = D Er C. By 
the argument above, this happens if and only if C Er D = C E^ D as crossed 
products. Corollary I A. .'HI says that the crossed product A Er A determines R 
uniquely. Hence R = R. □ 


5. Quantum codoubles 

Quantum codoubles of compact quantum groups were introduced by Podles and 
Woronowicz in m to construct an example of a quantum Lorentz group. The def¬ 
inition was extended to the non-compact case in m ■ Quantum codoubles were 
also described by Baaj and Vaes in [21 Proposition 9.5], assuming the underly¬ 
ing quantum group to be generated by a regular multiplicative unitary. We call 
the dual of the quantum codouble Drinfeld double. Some authors use different 
notation, exchanging doubles and codoubles. 

We shall refer to for the definition of the quantum codouble £>(G)~ and the 
Drinfeld double 55 (G) of a C*-quantum group G = {A, A^). It is shown in [17] 
that 55 (G)~ and 55(G) are again C*-quantum groups and that 55(G)~-coactions on 
C*-algebras are equivalent to G-Yetter- Drinfeld C*-algebras. To simplify notation, 
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we shall only consider the special case of the results in m where B = A and the 
bicharacter V is W £ld(A® A) because that is all we need below. 

The main result in this section is that this equivalence of categories between 
S(G)~-coactions and G-Yetter-Drinfeld C*-algebras turns the tensor products 
for 2)(G)~-C*-algebras and a canonical R-matrix for 2)(G)~ into the tensor prod¬ 
uct for G-Yetter- Drinfeld algebras. We also show that the tensor product 
for a general quasitriangular quantum group is a special case of the same operation 
for its codouble (see Theorem 15.911 . 

The quantum codouble 2)(G)~ = (V, Aff] of G is defined by T> := A (g> A and 

er w : A <8> A —» A <g> A, a®a4W(fl®a) W*, 

A^,: V — > V (g) V, a C§> d i-A o^(Aa(o) <8> A^(o)), 

for a £ A, a £ A. We may generate 2)(G)~ by a manageable multiplicative unitary 
by UK Theorem 4.1]. So it is a C*-quantum group and has a dual 2) (G) = ( T> , Ax>), 
which is called the Drinfeld double of G. We have 

V = p(A) ■ 9(A) and Ax>(p(a) ■ 9(a)) = (p <g> p) Ax(a) ■ (9 < 8 > 9)Aa(cl) 

for a certain pair of representations p and 6 of A and A on the same Hilbert space. 
The formulas for p and 8 will not be needed in the following. 

It is crucial that p and 8 give Hopf *-homomorphisms from G and G to 2)(G). 
These induce dual morphisms 2)(G)~ —> G and 2)(G)~ —» G (compare Theo¬ 
rem |2]22|- These quantum group morphisms induce a map on corepresentations 
(see QTJ Proposition 6.5] and the proof of [TJj, Theorem 5.2] for a correct general 
proof). Thus a corepresentation of 2)(G)~ induces corepresentations of G and G 
on the same Hilbert space. It is shown in HZ] that this gives a bijection between 
corepresentations of 2)(Gb and certain pairs of corepresentations of G and G: 

Proposition 5.1 (HZJ Proposition 6.11]). Let JC be a Hilbert space. The corepre¬ 
sentations U £ W(K(/C) < 8 > A) and V £ U(K(JC) (g> A) of & and G associated to a 
corepresentation X 6 M(K(K) ®T>) o/2)(G)~ satisfy 

^23 (U 12 V 13 ) = V 12 U 13 in li(K.(K.) ® A <S> A)', 

we call a pair (U, V) with this property 2)(G)~-compatible. The map X (U, V) 
above is a bijection from corepresentations of 2)(G)~ to 2)(G)~ -compatible pairs 
of corepresentations of G and G, with inverse 

X := U 12 V 13 inU(K(iq®A®A). 

A quantum group morphism also induces a functor between the coaction cate¬ 
gories, see Theorem lA.221 Thus a continuous coaction of 2)(G)~ on a C*-algebra C 
induces coactions of G and G. Once again, this gives a bijection from coactions 
of 2)(G)~ to certain pairs of coactions of G and G: 

Proposition 5.2. Let C be a C* -algebra. The continuous coactions 7 and S of G 
and G associated to a continuous coaction £ of 2) (G)~ satisfy 

(5.3) 


°23 ((7 ® id4)<5) = (5 <g> kUb; 
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A C*-algebra with such a pair of coactions is called a G-Yetter-Drinfeld C*-algebra. 

The map f i-A (j,S) above is a bijection from continuous coactions of T) (<&)'' 
to the set of pairs of continuous coactions ( 7 , 5) satisfying (15.31 ) ; the inverse maps 
( 7 , 5 ) to f = ( 7 ® id 4 )(5. 

Yetter-Drinfeld C*-algebras were defined by Nest and Voigt in EH Definition 
3.1] (assuming Haar weights on G), and Proposition 15.21 is essentially [121 Propo¬ 
sition 3.2], For C*-quantum groups without Haar weights, Proposition 15.21 is 
[13 Proposition 6.8], with an explicit description of the bijection taken from the 
proof of im Proposition 6.8]. 

Let V25 , C*a[g(G) denote the category with G-Yetter-Drinfeld C*-algebras as 
objects and morphisms that are both G- and G-equivariant as arrows. 

The following unitary is an R-matrix for 23(G)~ by [.12 Lemma 5.11]: 

R = (0 ® p)W € 22(23 ® 23). 

Thus 23 (G)~ is quasitriangular and the construction in the previous section gives 
a monoidal structure on £*alg(23(G)~). What happens when we translate this 
to the equivalent setting of G-Yetter Drinfeld C*-algebras? 

The reduced bicharacter W A £ U(A® A), being a bicharacter, gives a tensor 
product E3w for two G-Yetter-Drinfeld C*-algebras. This tensor product is also 
used by Nest and Voigt in [13] (they require, however, that G has Haar weights). 

Theorem 5.4. Let C\ and (7 2 be 23(G)~-C* -algebras, view them also as G-Yetter- 
Drinfeld C* -algebras. There is an equivariant isomorphism of crossed products 
Ci EHr. C 2 — C\ E3\y C 2 . 

Proof. First we describe the braiding on £orcp(23(G)~) induced by R in terms 
of W and compatible pairs of corepresentations of A and A. 

Recall that the maps p: A —>■ 23 and 9: A —» 23 are Hopf *-homomorphisms. 
Thus they lift to the universal quantum groups: p u : A u —> 23 u and 9 U : A u —>- 23 u . 
Let W u e 22(A U ® A u ) be the universal lift of W. The unitary ( 9 U ® p u )(W u ) G 
22(23 u ® 23 u ) is a bicharacter and lifts R. Hence it is the universal lift R u of R. 

A corepresentation of 23 (G)~ is equivalent to a representation of 23 u . Com¬ 
posing this with the morphisms 9 U and p u gives representations n and 7 r of A u 
and A u . These are, in turn, equivalent to corepresentations U and V of A and A. 
The construction of (U, V) is exactly the bijection to 23(G)~-compatible pairs of 
corepresentations in Proposition 15.II 

Now take two corepresentations of 23 (G)~ on Hilbert spaces Hk- These corre¬ 
spond to representations of 23 u , which determine representations rtk = Hfc o 9 U 
and nk = Hk 0 p u of A u and A u on Hk for k = 1,2. The braiding unitary Wl X 
is given by m and m and involves the unitary 

(Ih ® n 2 )(R u )* = (n^ 11 & n 2 p u )(w u )* = (fti ® tt 2 )(w u )*. 

Let (Ci, A,;) be 23(G)~-C*-algebras. Proposition 15.21 gives a unique pair of 
coactions 7 i \ Ci —> Ci < 8 > A and Si: Ci —> Ci < 8 > A such that (Ci,ji,Si) is a 
G-Yetter-Drinfeld C*-algebra and A* = ( 7 * <g> id 4 ) o Si for i = 1,2. There are 
faithful covariant representations (X Wi ,<pi) of (C t , Aj,23) on Hilbert spaces Hi for 
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i = 1,2. We use these faithful covariant representations to define C\ IEIr C 2 as a 
C*-subalgebra of B(Hi ®%), see Theorem IA. 291 

Proposition [CT] turns X Wi into a J)(G)~-compatible pair of corepresentations 
(U Wi ,V Wi ). The maps on corepresentations and coactions induced by a quan¬ 
tum group morphism preserve covariance of representations. Hence (ipi, U Wi ) is 
a covariant representation of (Ci, 7 i,A) on Hi and is a covariant rep¬ 

resentation of (Ci,6i,A) on Hi for i = 1,2, respectively. We use these faithful 
covariant representations to define C\ Kw C 2 as a C*-subalgebra of M(H\ <g> H 2 ), 
see Theorem IA.291 

The representation of C\ Kl\ C 2 on Hi ® H 2 comes from the representations 

Ci 9 Ci i-> <pi(ci) ® 1, C 2 9 C 2 i-4 Zx(l <8> ^ 2 ( 02 ))^ 

where Zr = (Hi ® n 2 )(R u )* and Zw = (rfi ® 7 T 2 )(W u )*. The computation above 
shows that = Zr, so C\ K 1 r C2 = C\ Klw C2 as C*-subalgebras of B(Hi ® 
H2). □ 

Since G-Yetter Drinfeld C*-algebras are equivalent to S(G]p-C*-algebras, the 
isomorphism in Theorem 15.41 shows that C\ Kw C 2 for two G-Yetter Drinfeld 
C*-algebras Ci and C 2 carries a unique G-Yetter- Drinfeld C*-algebra structure 
for which the embeddings of C\ and C 2 are equivariant. This extra structure 
is natural, and (WD£*afg(G), ^w) is a monoidal category. By construction, the 
equivalence between WD£*cdg(G) and £*a[g(D(G)~) is an equivalence of monoidal 
categories between (yD£*a[g(G), Klw) and (£*alg(£>(G)~), Hr). 

Remark 5.5. Propositions 13. 1 51 and 14.61 show that H3 r admits a braiding if and only 
if it is symmetric, if and only if the braiding on Glorcp(lD(G)'') associated to R is 
symmetric if and only if R is antisymmetric, that is, R* = cr(R). For the codouble, 
this is equivalent to W = W. We know no non-trivial multiplicative unitary with 
this property. Since W = W implies that A and A are the same C*-algebra, such 
a multiplicative unitary cannot be regular. 

Example 5.6. The tensor product A E3\y A is the canonical Heisenberg double of 
a C*-quantum group G, in the sense that its representations are the Heisenberg 
pairs of G (see Proposition IA.331) . Theorem 15.41 savs that A EU-w A = A KIr A; this 
is a C*-algebraic version of [H Proposition 5.1]. 

It is already shown in [H Section 3] that }T?£*a[g(G) is a monodical category 
for the tensor product Klw if G- has Haar weights. 

Now let G be a quasitriangular quantum group with R-matrix R G A ® A). 
We view R as a quantum group morphism from A to A. Theorem IA.22I explains 
how R gives an induced coaction S : C —> C <g> A on any G-C*-algebra (C, 7 ). 

Lemma 5.7. Any pair ( 7 , 5) as above is G-Yetter Drinfeld. 

Proof. Any object C G C*olg(G) is equivariantly isomorphic to a subobject of D® 
A with coaction idu ® Aa for some C*-algebra D by (T2J Lemma 2.9]. Since the 
tensor factor D causes no problems, it suffices to prove the lemma for (C, 7 ) = 
(A, A a)', here S = Ar is the right coaction characterised by (IA.24I) for X = R. 
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The relation ( 12.1211 has to be modified for R e W(A®i) by taking the dual 
multiplicative unitaries because we use A instead of A. This gives 

(5.8) Ri 2 W 13 W 23 = W 23 W 13 Ri 2 in U(A 0 A 0 A). 

Equations (1A.24D for R, (IA. 6 I) and (15.81) give 

((id4 ® (A.4 0 id y4 )A fl )W) = W 12 a^(W 13 Ri 4 ) 

= W 12 W 3 4W 1 4Ri3W 3 4 = W 12 Ri3W 14 = (id^ 0 (Ar 0 id^)A j4 )W. 

Finally, we slice the first leg of this equation with w € A'. This gives (15.31) for the 
pair (Aa, Ar) because slices of W generate A. □ 

Since a morphism between two G-C*-algebras is G-equivariant if and only if it is 
G- and G-equivariant, Lemma [577] gives a fully faithful embedding of £*alg(G) into 
yi?£*a[g(G) = C*alg(®(G)~) that leaves the underlying C*-algebras unchanged. 
Thus an R-matrix for G induces a quantum group morphism G —> D(G)~. 

Theorem 5.9. The embedding (£*alg(G), 13 r) —> 3T?C*alg(G), ^w) is monoidal. 

Proof. Let C and D be two G-C*-algebras, equip them with the G-Yetter Drinfeld 
structure described above. As a C*-algebra, we have an isomorphism of crossed 
products C E3r D = C Kw D by [T21 Example 5.4]. The induced G-Yetter- 
Drinfeld algebra structure on C Klw D is the unique one for which the embed¬ 
dings of C and D are equivariant: combine Proposition [T?2] with the equivalence of 
G-Yetter Drinfeld algebra structures and 2)(G)~-coactions. Similarly, the induced 
A-coaction on C KIr D is the unique one for which the embeddings of C and D are 
A-equivariant. Since the A-coactions constructed from R and an A-coaction are 
natural, the embeddings of C and D into C KIr D are also A-equivariant. Hence 
the G-Yetter-Drinfeld algebra structures on C E3r D and C 13w D are the same as 
well. Since the isomorphism between these tensor products is one of crossed prod¬ 
ucts, it automatically satisfies the coherence conditions required for a monoidal 
functor. □ 

6. Braided C'*-bialgebras and braided compact quantum groups 

We are going to define braided C*-bialgebras and use them to construct ordi¬ 
nary C*-bialgebras by a semidirect product construction, which is the C*-analogue 
of what Majid calls “bosonisation” in m- We check that the semidirect product 
C*-bialgebra is bisimplifiable if and only if the braided C*-bialgebra is bisimpli- 
fiable. Thus we may construct compact quantum groups from two pieces: an 
ordinary compact quantum group and a braided quantum group over its codou¬ 
ble. 

Definition 6.1. A braided C* -bialgebra over a quasitriangular quantum group 
G = (A, A, 4 , R) is a G-C*-algebra ( B , f3) with a G-equivariant morphism A# : » 
B [X]r B which is coassociative: 

(6.2) (A b ^r ids) ° Ag = (ids KIr A b) 0 Ab- 

We call (B,Ab) bisimplifiable if it satisfies the braided Podles conditions 

(6.3) A b {B) ■ niB) = B KI r B = A b {B) ■ l 2 {B), 
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where i\ and 12 denote the two canonical maps B =$ B [X] R B. 

A braided compact quantum group over G is a unital, bisimplihable braided 
C*-bialgebra (B,Ab) over G. 

In the following, we let G = (A, Ayj) be any C*-quantum group, and we 
let (B,Ab) be a braided C*-bialgebra over the codouble 55(G)~ with its canonical 
R-matrix. Equivalently, I? is a C*-bialgebra in the category of G-Yetter Drinfeld 
C*-algebras (see Theorem 15.411 . Thus we do not assume A to be quasitriangu- 
lar any more. Since we may embed the coaction category of a quasitriangular 
C*-quantum group into the one for its codouble by Theorem 15.91 our new setting 
is more general than the one in Definition 16.11 

The monoidal structure on G-Yetter- Drinfeld algebras is given by the tensor 
product C D for the bicharacter W by Theorem 15.41 So the underlying 
C*-algebra only uses the coaction of A on C and the coaction of i on D. Both 
coactions are used to equip C E3w D with a Yetter-Drinfeld algebra structure, 
which we need to form tensor products of more than two factors. We abbreviate 
H3 = [Sl-yv. 

The C*-algebra A carries the canonical continuous coaction Aa of A and a 
canonical coaction of A by Ad(W): a i-A W(o ® 1^)W*. These two coactions 
satisfy the Yetter-Drinfeld compatibility condition. The Podles condition for the 
A-coaction on A is not automatic, however: it is a weak form of regularity. Since 
we do not want to impose any regularity condition on G, we make sure that we do 
not use the coaction of A on A in the following constructions. The A-coaction A^ 
on A is enough to define the twisted tensor products AM B and A Kl (B M B). 

Lemma 6.4. There are unique coactions of A and A on AMB and AM(BMB') for 
which the canonical embeddings of A, B and B' are equivariant; the A-coactions 
are continuous, the A-coactions are injective, but do not necessarily satisfy the 
Podles condition. The coactions of A and A are compatible. There is a canonical 
isomorphism of triple crossed products A Kl (B IE] B') = (A B B) H B’ , which is 
equivariant for the coactions of A and A. 

Proof. If the A-coaction on A were continuous, our previous theory for coactions 
of the codouble of G would give all the statements immediately. 

Let W G U(TL ®TL) be a manageable multiplicative unitary generating (A, A^)- 
Let 7r: A —» M(Tl) and it: A —>• B (TL) be the resulting representations. The uni- 
taries (tr <g> id^)(W) G U{K(fH) <g> A) and ( 7 r ® id^)(W) G U(K(TL) ® A) are corep¬ 
resentations because W € U{A ® A) and W G U(A <g) A) are bicharacters. These 
two corepresentations together with n form a faithful covariant representation of 
(A, Aa, Ad(W)). Moreover, the corepresentations (if <g> idA)(W) and (7rig)id^)(W) 
satisfy the Yetter- Drinfeld compatibility condition, so they give a corepresentation 
of the codouble S)(G)~. 

Let fl: B — > B <g> A and jd: B —> B <S> A denote the coactions of A and A 
on B that give the Yetter-Drinfeld algebra structure on B. We may choose a 
faithful covariant representation ( p,U,V ) of (B,/3,j3) on some Hilbert space /C. 
Thus U and V satisfy the Yetter- Drinfeld compatibility condition, so they give a 
corepresentation of the codouble 2>(G)~. 
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Now we represent A 3 13 faithfully on % <g> /C. This gives a C*-algebra even 
if Ad(W) is not continuous because the construction of A 313 = A3w B only uses 
the A-coaction A a on A and the A-coaction fj on B. The codouble of G acts on 
H <8> /C by the usual tensor product corepresentation. As in the proof of Proposi¬ 
tion we get a unique coaction of 2)(G)~ on AM B for which its representation 
on K ® /C and the embeddings of A and B are equivariant. Only the proof of 
the Podles condition breaks down because we do not know the Podles condition 
for the 2>(G)~-coaction on A. We may, however, split the 2) (G)^-coaction into 
compatible coactions of A and A, and prove the Podles condition for the coaction 
of A, just as in the proof of Proposition 14.21 using only the A-equivariance of the 
embeddings of A and B into AM B and the Podles conditions for the A-coactions 
on A and B. 

Similarly, the construction of the associator (A IE B) 3 B' = A Kl (13 IE B') in 
the proof of Theorem 14.41 still works, using the covariant representation of A 3 13 
just constructed, and gives the remaining statements. □ 

Our goal is to construct a coassociative comultiplication on C := AM B from a 
braided comultiplication : B — > B IS] B. The first ingredient is the morphism 

idA 3 A b : AM B ^ AM (B M B), 

which is the unique one with (idy 4 13 A^)o la = la and (idy 4 BAg)ot fl = l b ^ b oA b . 
Next we construct a canonical map 

T: AMBMB (AMB)®(AMB). 

Under regularity assumptions on G, we could construct this by composing the 
canonical morphism 

ji24: AMBMB ^ AM B MAM B 

with an isomorphism A3133A313 = (AB5)®(AKB), which exists because 
the A-coaction on A is inner (see ns Corollary 5.16]). The following proposition 
constructs \P directly without regularity assumptions on G: 

Proposition 6.5. Let B and B' be G-Yetter-Drinfeld algebras, let P: B -A 13<g> A 
be the A-coaction. There is a unique injective morphism 

<P: A M B 3 B' -a (A 3 B) <g> (A M B') 
that satisfies, for a € A, b £ B, b' £ B', 

'P o L A (a) = (la 3 la) ° A A (a), 

(6.6) ’P o L B (b) = (l b <g> l a ) op(b), 

\P O L B '(b') = Ifi&B ® L B '(b'). 

Before we prove this technical result, we state our main result and give a simple 
example. Another example is the construction of quantum U(2) groups from 
braided quantum SU(2) groups in [B] (the conventions in [B] are, however, slightly 
different). 
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Theorem 6.7. Let C := A^ B and A c := 'L o (id^ HI As): C —>• C 0 C. Then 
(C, Ac) is a bisimplifiable C* -bialgebra whenever ( B , Ag) zs a bisimplifiable braided 
C* -bialgebra overG. If As zs injective, then so is Ac, and vice versa. 

Corollary 6 . 8 . (C, Ac) zs a compact quantum group if G is a compact quantum 
group and ( B,Ab ) zs a braided compact quantum group over G. 

Proof. The C*-algebra C is unital if and only if A and B are both unital. In 
the unital (compact) case, the Podles conditions suffice to characterise compact 
quantum groups. □ 

Example 6.9. The following example is inspired by the construction of partial 
duals in [3] in the setting of Hopf algebras. Let K be a compact group, let T be a 
discrete group, and let ip: T —»• Aut(/i) be a group homomorphism. Let T act on 
B := C (K) by p* g f{k) := /(^(fc)) for all k G K, g G T, f G C (K). Equip C (K) 
with the trivial coaction of T. Since the T-coaction on C(A') is trivial, 

c 0 (r) in c(K) ^ c 0 (r) 0 c(K) s c 0 (r x k). 

The comultiplication Ac is the one that is induced by the multiplication in the 
semidirect product group T ix K. 

We may also view C (K) as a Yetter-Drinfeld algebra over C*(T) instead of Co(F). 
This gives a compact quantum group C*(T) HI C (K) by Corollarv l 6 . 8 l Its underly¬ 
ing C*-algebra is canonically isomorphic to the reduced crossed product T x C (K) 
(see m Section 6.3]). Thus the unital C*-algebra T x C (K) becomes a compact 
quantum group by Corollary 16.81 This is the partial dual of the group T x K, 
where we dualise Co(r) to C*(T) and leave C (K) unchanged. This example is also 
a special case of a bicrossed product (see [TJ Proposition 8.22]). 

In the remainder of this section, we will prove Proposition [S3] and Theorem 16.71 
First we name the coactions on our Yetter Drinfeld algebras: call them f3 : B —» 
B® A, ft: B —> B 0 A, ft': B' —>• B' 0 A, f3 ': B' —> B' 0 A. We choose faithful co¬ 
variant, £>(G)~-compatible representations (<p, U, V) and (</?', U',V') of (B,/3,)3) 
and (B',/3',/3') on some Hilbert spaces £ and £'. We choose a manageable 
multiplicative unitary W G l/(M 0 T-L) generating G; it induces representations 
7 r: A —>■ B("H) and n: A —> B (TL) with W = (ft 0 7r)W. Then zr and the corepre¬ 
sentation (if 0 id^W G UfKfH) 0 A) form a covariant representation of ( A , A^). 
We use these covariant representations of A, B and B’ to realise A HI B HI B' as a 
C*-subalgebra of B {T-L 0 £ 0 £')\ this gives 

AMBmB' = l a (A) ■ l b {B) ■ lb'(B') 

for three representations la , lb, i^b' of A, B and B' on H 0 £ 0 £!. We describe 
these representations as in the proof of Theorem 14.41 
The representation l a is most easy: 

l A (a) = 7r(a) 0 lc®c- 

To describe lb, we must represent the universal A-matrix, which is essentially W u , 
on the Hilbert space B 0 £. The bijection between corepresentations of A and 
representations of maps the left corepresentation W l7r G U(A 0 K {TL)) to the 
representation if: A u —> A —> B (TL). The bijection between corepresentations of A 


QUANTUM GROUP-TWISTED TENSOR PRODUCTS OF C*-ALGEBRAS II 


19 


and representations of A u maps the right corepresentation V £ U( K(£) <g> A) to 
the unique representation p: A u —> B(£) with W lp = V := <r(V)* £ U(A ® K(£)). 
Hence the resulting representation n ® p' A u <g> A u —>• B (H (g> £) maps W u to 
V := Vtt 2 - Thus the braiding unitary C X H is V*£ and 

iB {b) = V* 2 (l« <S> tp(b) <g> l£)V 12 . 

The representations la and l b without the trivial third leg in £' also realise 
AM B in M(H <g> £). Similarly, we realise AM B' in B (H ® £') using V' := 
( 7 r ® id£/)V' &U(H® £') instead of V. 

The braiding for £ and £' involves a unitary Z given by (IA.26I) . This unitary 
may also be characterised uniquely by the condition 

(6.10 ) Ui 2 (Y')2 3 ^13 = (VO 23U12 in U(C®U® £'), 

whereU := (id£07r)U £ compare (IA.27I) . As in the proof of Theorem l4.4l 

we see that the representation l b > is 

= Z23(V%( W ® ^(6 , ))(V')l3^23- 

Proof of Proposition 16.51 Define 

Y(x) := Wi 3 U23(V , )3 4 a: 1 24V( j 4U^3W);3 for x £ B(H <g> £ ® £')• 

This is an injective *-homomorphism from B("H ® £ ® £') to B(% ® £ g> 7i <g> £')■ 
We compute $ o this will show that T maps AM B M B' into 

B') C B (H 

and has the expected values on la (A) , lb{B) and l B ’{B'). 

Since la(o) = 7 r(a)i, we get T o la(cl) = Wi 37 r(a)iW * 3 = (la ® la) 0 A, 4(0 ). 
Next, To i B (b) = Wi 3 U 23 V 32 ^( 6 ) 2 Vi 2 U 2 3 W 33 . The Yetter Drinfeld compatibility 
condition for U and V is equivalent to W 13 U 23 V 12 = V 32 U 23 W 13 in U(T~L® 11®%). 
Using this and the covariance condition for (ip, U) with respect to /3, we compute 

T O L B (b) = Vi2U23^(6)2U2 3 Vi2 = (l B ®> Dt) ° /3(b). 

Finally, we compute 

Y O i B ,(b') = W 1 3U23(V , )54^24(V , )t4£ , (& , )4V , 1 4Z2*4V^U^Wt 3 
= W 13 (V , )5 4 U23(V')l4^(6 , )4Vi4U23V^Wl3 
= W 13 (V')54(V , )l4£ , (6 , )4V , 1 4V( j 4 Wl3 
= (V , )34Wl3£ , (6 , )4Wl 3 Y ' 4 
= ® i B ,(b'). 

The first equality is trivial; the second equality uses 116. 1011 : the third equality 
commutes U 23 with Y 14 and <p'(b) 4 ; the fourth equality uses that V / is a corepre¬ 
sentation of A; the fifth equality commutes W 13 and ip'(b') 4 ; and the last equality 
is the definition of the embedding of AM B' in M(T-L ® £'). □ 
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Proof of Theorem 16.71 Let C := A Kl B and Ac := o (idA B Ab): C — >• C ® C , 
where we use d' from Proposition 16.51 in the special case B = B' . We first check 
that this comultiplication is coassociative. It suffices to check (Ac®idc)Ac°iA = 
(idc® Ac)A.c°la and (Ac®idc)AcotB = (idc® Ac)Ac°(-b- The first statement 
holds because on elements of the form i A (a) with a € A, we get (idA ® Aa)Aa(o) 
and (Aa ® idA)AA(a), respectively, embedded into C ® C ® C via l a ® l a ® l A - 
To check the formula on B, we also need the two maps 

'F ': A B B Kl (B B) ->• (A IE B) <g> (A B K B), 
ty":AM(BMB)MB^(AMBMB)®(AMB) 

that we get from Proposition 16.51 for B 1 BM B and BM B, B, respectively. These 
satisfy, among others, 

1-'(& 2 ) =0(&) 2 3, *'(&3) = &4, *'(& 4 ) = &5, 

*"(b 2 ) = 0(b) 24 , *"(& 3 ) = ^(6)34, T"(6 4 ) = 6 5 . 

Here we use leg numbering notation to distinguish the different copies of B more 
clearly. For instance, 0(b )2 3 means (lb ® L A )0(b). With these maps, we may write 

(idc ® (idA As)) o |skis = H' 7 0 (ids Kl A b), 

((idA Kl A b ) ® idc) 0 I&Ibixib = 0 (A b ® ids). 

The second formula uses that Ab is G-equivariant with respect to the actions 0 
and 0t<0 and that T" on l 2 (B)l 3 (B) is 0 ix 0. Since 0 is a coaction, we get 

(idc ® 4 1 ) 0 T'Ib^bkib = (\& (g) idc) 0 ^"\b^bmb- 

This and the coassociativity of Ab imply that Ac is coassociative also on B. 

Now we turn to the Podles conditions. We have AM B = la(A)lb(B) = 
lb(B)la(A), 0(B) ■ (1 <8) A) = B® A because 0 satisfies the Podles condition, and 
Aa(v1)(1 <g> A) = A a(A)(A ® 1) = A ® A and A b (B) ■ B 2 = A b (B)B 1 = BMB 
because A and B are bisimplifiable. Thus 

A c (C) • (1 ® C) = A c (lb(B)) ■ A c (la(A)) • (1 ® l a (A)) • (1 ®> l b (B)) 

= A c(lb(B)) ■ (la ® la)(Aa(A) ■ (1 ® H)) • (1 ® lb(B)) 

= A c(lb(B)) ■ (la(A) ®C) = <S>(A b (B) 23 ) • (la(A) ® C ). 

Since o iB'(b') = 1 ® Ls'(b') is a multiplier of la(A) ® C , we may rewrite this as 

^(A b (B) 2 3 ■ B 3 ) ■ (la(A) ® C) 

= V((B H B) 23 ) ■ (l a (A) ®C) = T(H 2 ) • (l a (A) ® C), 

using that (B, Ab) is bisimplifiable. Finally, the formula for T on the second leg 
and the Podles condition for 0 show that this is C ® C, as desired. 

The other Podles condition is proved similarly. Since U/ is injective, Ac is 
injective if and only if idA Kl Ab is injective. This is equivalent to Ab being 
injective by m Proposition 5.6]. □ 
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Appendix A. Preliminaries 

A.l. Multiplicative unitaries and quantum groups. 

Definition A.l ([J). Let H be a Hilbert space. A unitary W G U(H 0 H) is 
multiplicative if it satisfies the pentagon equation 

(A.2) W 23 W 12 = Wi 2 Wi 3 W 23 in UifH 0 H 0 H ). 

Technical assumptions such as manageability (GOD are needed to construct 
C*-algebras out of a multiplicative unitary. 

Theorem A.3 (' [T51 - ED] !. Let LI be a separable Hilbert space and W G U(H 0 H) 
a manageable multiplicative unitary. Let 

(A.4) A := {(w 0 id w )W : oj G B(?t)*} CLS , 

(A.5) A := {(id-H 0 w)W : to G B(?t)*} CLS . 

(1) A and A are separable, nondegenerate C* -subalgebras ofM(H). 

(2) W G U(A 0 A) C U(TL 0 H). We write W A for W viewed as a unitary 
multiplier of A® A and call it reduced bicharacter. 

(3) There is a unique morphism A a : A —> A 0 A such that 

(A.6) (id^ <g> = Wf 2 Wf 3 inU{A0A0A)- 

it is coassociative and bisimplifiable: 

(A.7) (A j4 ®idA) o A a = (idA ® A a ) o A a , 

(A.8) A a {A) ■{I a 0A) = A0A = {A01 a )- A a (A). 

A C* -quantum group is a C*-bialgebra G = (A, A a ) constructed from a man¬ 
ageable multiplicative unitary. This class contains the locally compact quantum 
groups of Kustermans and Vaes [8] , which are defined by the existence of left and 
right Haar weights. 

The dual multiplicative unitary is W := EW*S G U{H0'H) 1 where T,(x0y) = 
y 0 x. It is manageable if W is. The C*-quantum group G = (A, Aa) generated 
by W is the dual of G. Its comultiplication is characterised by 

(A.9) (Aa 0 k!a)W a = W^ 3 Wf 3 in U{A 0 A 0 A). 

A.2. Corepresentations. 

Definition A.10. A (right) corepresentation of G on a Hilbert space H is a 
unitary U G 0 A) with 

(A.11) (id K(W) 0 Aa)U = Ui 2 Ui 3 in U{K{LL) 0 A 0 A). 

Let U 1 G U{K(fH\) 0 A) and U 2 G 7t(K(’H 2 ) A) be corepresentations of G. 
An element t G B('Hi,'% 2 ) is called an intertwiner if (t 0 Ia)^! 1 = U 2 (f 0 1a). 
The set of all intertwiners between U 1 and U 2 is denoted Hom(U 1 , U 2 ). This gives 
corepresentations a structure of W*-category (see nrSTL Sections 3.1-2]). 

The tensor product of two corepresentations U Wl and U^ 2 is defined by 

(A.12) U Wl @U W2 in 0 U 2 ) 0 A). 
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Routine computations show the following: U Wl © U ^ 2 is a corepresentation; © 
is associative; and the trivial 1-dimensional representation is a tensor unit. Thus 
corepresentations form a monoidal W*-category, which we denote by Corep(G); see 
na Section 3.3] for more details. 

A.3. Coactions. 

Definition A.13. A continuous (right) coaction of G on a C*-algebra C is a 
morphism 7 : C — > C © A with the following properties: 

( 1 ) 7 is injective; 

( 2 ) 7 is a comodule structure, that is, (idc © A, 4)7 = (7 © id^) 7 ; 

(3) 7 satisfies the Podles condition 7 (C) • (lc ® A) = C © A. 

We call (C, 7 ) a G-C* -algebra. We often drop 7 from our notation. 

A morphism /: C —> D between two G-C*-algebras (C, 7 ) and (D,S) is G -equi- 
variant if <5 o / = (/ © id^) o 7 . Let Mor G ((7, D) be the set of G-equivariant 
morphisms from C to D. Let C*alg(G) be the category with G-C*-algebras as 
objects and G-equivariant morphisms as arrows. 

Definition A. 14. A covariant representation of (C, 7 , A) on a Hilbert space H 
is a pair consisting of a corepresentation UgM (K (H) © A) and a representation 
ip: C —>■ B (H) that satisfy the covariance condition 

(A.15) (tp ® fcU) 0 7 (c) = U(^(c) © 1 a)U* inW(K('H)®A) 

for all c € C. A covariant representation is called faithful if p is faithful. 

Faithful covariant representations always exist by m Example 4.5]. 

A.4. Universal quantum groups. The universal quantum group 

G u :=(A», A A u) 

associated to G = (A, Aa) is introduced in ]I^. By construction, it comes with 
a reducing map A: A u —>• A and a universal bicharacter V G U(A © A u ). This 
may also be characterised as the unique bicharacter in U(A(& A n ) that lifts W A G 
U(A © A) in the sense that (id^ © A)V = W A . 

Similarly, there are unique bicharacters V G U(A U © A) and W u G U(A U ® A u ) 
that lift W A GW(i®4); the latter is constructed in [7] assuming a Haar measure 
and in m in the more general setting of manageable multiplicative unitaries. The 
universality of V G U (A u © A) says that for any corepresentation U G U{K(fH) © A) 
of G on a Hilbert space H, there is a unique representation p: A u —> B (fH) with 

(A.16) (p®id j 4 )V=U in U(K(H) © A). 

A.5. Bicharacters as quantum group morphisms. Let G = ( A , A^) and 

H = (B,Ab) be C*-quantum groups. Let G = (A, Aa) and H = (B,Ab) be their 
duals. 
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Definition A. 17 ((TTJ Definition 16]). A bicharacter from G to H is a unitary 
X G U(A < 8 > B) with 

(A.18) (Aa ® id^)X = X 23 X 13 inW(A®A®B), 

(A.19) (id^ ® A B )X = X 12 X 13 in U(A < 8 > B < 8 > B). 

Bicharacters in IA(A® B) are interpreted as quantum group morphisms from G 
to H in HU. We mainly use bicharacters in U(A®B) and rewrite some definitions 
in m in this setting. 

Definition A.20. A right quantum group morphism from G to H is a morphism 
Ar: A —» A (81 B such that the following diagrams commute: 


(A.21) 


A 


A® A 


A 


R 


A®B 


A 


A, 


A®B 


A a ® icL 


idA ® Ar 


A® A® B 


At 


A® B 


idA ® A b 


Ar ® id 


A ® £? ® £? 


B 


The following theorem summarises some of the main results of [Ill- 

Theorem A.22. There are natural bijections between the following sets: 

(1) bicharacters X G U{A ® B) from G to H; 

(2) bicharacters X G U(B ® A) from H to G; 

(3) right quantum group homomorphisms Ar: A —>• A ® B; 

(4) functors F: £*a!g(G) —» £*a[g(IHI) with Forg o F = Fore for the forgetful 
functor Fore: £*a[g(G) —> (T'alg; 

(5) Hopf *-homomorphisms f: A u —>- B u between universal quantum groups; 

(6) bicharacters X u G U(A U ® J5 U ). 

The first bijection maps a bicharacter X to 

(A.23) X := cr(X*). 

A bicharacter X and a right quantum group homomorphism Ar determine each 
other uniquely via 

(A.24) (id A ® A r )(W a ) = Wf 2 X 13 . 

The functor F associated to Ar is the unique one that maps (A, Aa) to (A, Ar). In 
general, F maps a continuous G-coaction 7 : C —> C® A to the unique M-coaction 
5: C —» C ® B for which the following diagram commutes: 


(A.25) 


C 

5 

C® B 


7 ® id / 


C® A 

idc ® A r 

-> C® A® B 
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The bicharacter in U{A® B) associated to a Hopf *-homomorphism f: A u —> B u 
is X := (id 4 <S> A^f)(V A ), where V A G £/(A ® A u ) is the unique bicharacter lifting 
W ' 4 A) and A^: B u —> B is the reducing map. 

A. 6 . Twisted tensor products. Let 7 : C —>■ C ® A and 5: D —> D ® B be 
coactions of G and H on C*-algebras C and D, respectively. We are going to 
describe the twisted tensor product 

C®D:=(C, 7 ) Hx (D,6) 

for a bicharacter X G U{A ® B). Let (<£, U w ) and (ipjU^) be faithful covariant 
representations of (C, 7 ) and (D, S) on Hilbert spaces H and 1C, respectively. Thus 
XJ n G U(K(H) ® A) and U*" G W(K(/C) ® H) are corepresentations of G and H. 
Let p n : A u —> B (H) and p K : B u —» B (JC) be the corresponding representations of 
the universal duals. Let X u B) lift X, see Theorem IA.221 Let 

(A.26) Z := {p H ®p K ){X n y G U(U®1C). 

The proof of [121 Theorem 4.1] shows that this is the unique Z G U(TL ® /C) with 
(A.27) U&U %Z 12 = in ® AC ® £) 

for any X-Heisenberg pair (a, /3) on any Hilbert space C. 

Define representations 1 c = <Pi and id = ip 2 of C and D on hi ® K. by 
l c (c) = := <p(c) ® 1 /c, 

(A.28) 

10 (d) = ^(<0 :=Z(l«®^(d))Z*. 

Theorem A. 29 ([T21 Lemma 3.20, Theorem 4.3, Theorem 4.9]). The subspace 
C®D:= Vl {C) ■ MD) C B (H ® K) 

is a nondegenerate C* -subalgebra. The crossed product (C IEI D,ic,ld), up to 
equivalence, does not depend on the faithful covariant representations (U w , tp) 
and (U*", ip). 

We call C D the twisted tensor product of C and D. It generalises the 
minimal tensor product of C*-algebras. 

A.7. Heisenberg pairs. Let G = (A, A^) and HU = (B,Ab) be C*-quantum 
groups and let W A GW(i®A) and W B £U(B®B) be their reduced bicharacters, 
respectively. Let X G U(A ® B) be a bicharacter from G to H. 

Definition A.30 ( [T21, Definition 3.1]). Let E be a C*-algebra and let a: A —»• E 
and /3: B —> E be morphisms. The pair (a, (3) is a X-Heisenberg pair or briefly 
Heisenberg pair on E if 

(A.31) Wf a Wf^ = W B Wf a X 12 in U(A®B®E)- 

here Wf a := ((id 4 ® o)W a )i 3 and Wf^ := ((id^ ® /3)W B ) 23 . 

The following lemma is routine to check: 

Lemma A. 32. Let (a,/3) be a X-Heisenberg pair on a C *-algebra E. Define 
a': A —> A ® B ® E and ff : B —>■ A ® B ® E by a'(a) := ((id^ ® a) A a {a)) 13 and 
/3'(b) := ((ids ® /3 )Ab(6)) 93 . This is again a X-Heisenberg pair. 
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Equip A and B with the standard coactions A^ and A# of G and H, respectively, 
and form the tensor product A Klx B. This plays a special role, as explained after 
Proposition 5.6 in m coactions 7 : C —>■ C ® A and 5: D —>■ D ® B induce a 
canonical map 

7 K1 5: C IE* D -» [C ® A) {D ® B) = C <g> D <g> (A B). 

Proposition A.33. Let LI be a Hilbert space and let ip: A Kl x B —► B (LI) be a 
representation. Define a '■= ip o la : A — > B (LL) and 0 '■= tp o i B : B —» M(LL). The 
pair (a, 0) is a X-Heisenberg pair. 

Proof. This is the only place where we use the construction of twisted tensor 
products through Heisenberg pairs in Section 3]. Let (o', 0') be a X-Heisenberg 
pair on a C*-algebra E. Define morphisms 

la- A — > A® B <g> E, a i-a ((id^ ® a , )A J 4 (a)) 13 , 
l B - B -a A (g) B <g> E, ((icl B <g) 0')A B (b)) 23 - 

Then AM X B = la(A) ■ lb(B). Lemma lA.321 shows that ( la,lb ) is a X-Heisenberg 
pair on A Kl x B. Hence (ip o la, p ° l b) is a X-Heisenberg pair on LL. □ 

Corollary A.34. If A B = A KI X ' B as crossed products for two bicharacters 
X, X! e U(A <S> B), then X = X!. 

Proof. Let LL , p, a, 0 as in Proposition lA.331 The pair (a, 0) is both a X-Heisenberg 
pair and a X'-Heisenberg pair by Proposition lA.331 The commutation relation (IA.31I) 
that characterises Heisenberg pairs gives 

W 2/3 W 1 q X 12 = W la W 1/3 = W 2 / 3 W 1 q X ' 12 in U(A®A® K {%)). 

Thus X = X!. □ 
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